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Part A: Multiple Choice Questions For each of the following print the letter of
the answer you think is most correct in the boxes on the first page. Each right answer
earns 5 points and no answer/wrong answers earn 0 points. Justification is neither required nor

rewarded, but a small workspace is provided for your calculations.

1. Assume the equation z? =y —z defines z implicitly as a function of independent variables
x and y. The value of z,, at (2,3,1) is

(a) —1/4 (b) 1/4 (c) 1/2 (d) —1/2 (e) none of (a) - (d)

2. At the point (0, 1) the function f(z,y) = 2* +y — ¢’ has

(a) a relative minimum (b) a relative maximum (c) a saddle point

(d) behavior that is not detected by the 2" derivative test (e) none of (a) - (d)

d
3. If z=In(z+9*) —y* and =3t and y =4t —1 then the value of d—j at t=0 1is

(a) —15 (b) —13 (c) 8 (d) 3 (e) none of (a) - (d)



4. The critical point of f(z,y) = 8x? + y* +5 satisfying the constraint 8z — 2y = 12 is

(a) (1,-2) (b) ( >$) (¢) (=1,-10) (d) (3,6) (e) none of (a) - (d)

3 rvV9—z2
5. The value of / / rdydx is
0o Jo

(a) 18 (b) 9 (c) =9 (d) 27 (e) none of (a) - (d)

6. A system of n linear equations in n unknowns where n > 1

(a) has at least one solution (b) has infinitely many solutions
(c) has a unique solution (d) may not have any solutions
(e) can be solved by Cramer’s rule (f) both (c) and (e) are true



r ot
7. The function G(z,y) = det l : oy ]

(a) has no critical point(s) (b) has a local maximum (c) has a local minimum

(d) has a saddle point (e) has none of properties (a) - (d)
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(e) none of the above

8. IfA:[3 21 andB:[1 2] and A+ BT = AC' then C equals

9. Let R be the feasible region consisting of all points in and on the sides of the triangle with

corners (0,0), (1,0), and (2,2). If z = ax + by where a and b are positive constants then we
may conclude that

a) z has a maximum at a corner point of R

b) there exist values of @ and b for which z has a maximum at every point on some side of R

(
(
(¢) the minimum value of z occurs at (0, 0)
(d) only (a) and (c) are true

(

e) each of (a), (b), and (c) are true

(Check that you have printed the correct letter answers in first page boxes)



Part B: Full-Solution Questions Write clear and neat solutions in the answer spaces
provided. Show all of your work. Full points are awarded for solutions only if they are correct,
complete, and sufficiently display relevant concepts from MATA33.

1. In all of this question let f(x,y) = 32%y +y* — 32% — 3y* + 2

(a) Find the critical point(s) of f. For each one, use the 2"¢ derivative test to determine
whether it corresponds to a relative maximum, minimum, or a saddle point. [11 points]

(b) Explain using relevant mathematical notation why f has no absolute extrema.

[3 points]



2. A company makes two types of plastic toys: cars and trains. Each car results in a profit of
$6 and each train a profit of $4. Each car requires 2 minutes on Machine A and 1 minute
on Machine B and each train requires 1 minute on Machine A and 3 minutes on Machine B.
In each production shift there are at most 3 hours available on Machine A, at most 5 hours
available on Machine B, and at least 30 of each toy must be made.

(a) Use the methods of linear programming to calculate how many of each toy should be
made per production shift in order to maximize profit. Full marks are awarded for a
correct solution that includes an accurate, labeled feasible region. [9 points]

(b) By about what percentage will the maximum profit change (rounded to 2 decimal places)
if we also require that equal numbers of cars and trains are made per shift ? [3 points]



3. (a) Let z=2u*?—2u+4t where u = (y+3)y/z and t ="'y Calculate the value of

0
a—z when =1 and y= —2. [7 points]
x

(b) Let v = h(ar+ bs,cr —ms) where h(x,y) is a function for which the chain rule is valid
and a, b, c,m are real numbers such that am + bc = 0. Prove that muv, 4+ cv, = 0.

[7 points]



4. A rectangular box has four sides, a top, and a base. The material costs are $6/m? for the
sides, $4/m? for the top, and $14/m? for the base. A budget of exactly $6K? is used
for the total material cost (K > 0 is a constant) for the box. Use the Lagrange multiplier
technique to find the length, width, and height of the box of maximum volume subject to the
constraint of the material cost above. (You may assume that the critical point obtained by
the Lagrange multiplier technique actually does result in a maximum volume.)  [12 points]



5. In all of this question, consider the ” Cobb-Douglas” production function P = Mw®c® where
w and ¢ are independent variables and M, «, and 3 are positive constants and o+ (3 = 1.

(a) Show that the marginal productivity with respect to w and the marginal productivity
with respect to ¢ are decreasing.

[6 points]

(b) Prove that w? Py, + ¢* P, = (—2a3) P [6 points]



6. (a) Assume you have an annual income of E dollars and that « and y represent the amount
(in dollars) of federal and provincial tax, respectively, on your income. The federal tax
is 25% of that portion of your income that is left after the provincial tax has been paid.
The provincial tax is 10% of that portion of your income after the federal tax has been
paid. State the system of linear equations that describes the tax situation above and

then solve for z and y as fractions of F in lowest terms. (i.e. find z = % E and Yy = ‘E

where a, b, ¢, d are natural numbers and the fractions are in lowest terms). [8 points]

(b) Let A be an n x n matrix where n > 1. Assume the matrix equation AX = B has a
solution for every n x 1 matrix B. Prove that A is invertible. [6 points]
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7. A manufacturer has two products, A and B, that have hourly production levels of x and y
units, respectively. The joint production cost function is ¢(z,y) = §x2 + 3y*. The demand

for Ais a(x) =60 —2* and for Bis b(y) = 72 — 2y*. Calculate the production levels per
hour that maximize profit. Do verify that your findings actually give maximum profit.

[12 points]
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1 2z 3 r—x+3
8. (a) Let I = / / y dy dx + / / ydydz (Thus, I is a sum of two double integrals.)
o Jo 1 Jo

By changing the order of integration, write I as a single double integral and evaluate it.
Include a sketch of the region of integration.

[7 points]
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(Question 8 continued)

y

(b) Evaluate J = / / T 4A where R is the region between the curves y = z and y = 22
Ry

and 0 <z <1. [8 points]
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