Midterm Solutions



(1) Verify that u(z,y) = e*(xz cosy — ysiny) is harmonic and find harmonic
conjugate. Express the analytic function f = u + iv in terms of the
complex variable z = z + iy.

One has
Oyu = €e"(zcosy —ysiny) + e cosy, Oy,u = e (xcosy —ysiny) + 2e” cosy,
Oyu = e*(—xsiny —siny — ycosy), Oyyu = €*(—z cosy — 2cosy + ysiny),
Ozt + Oyyu = e¥(x cosy — ysiny) + 2e° cosy+
e’(—xcosy —2cosy + ysiny) =0

Thus w is harmonic.



We will find now the harmonic conjugate. There are always two ways to solve
such problem. One can start with 9,v = d,u and to proceed with 0,v = —0,u
or vice versa to start with d,v = —d,u and to proceed with d,v = J,u. ltis
enough to do it one way. We do it both ways here.
Oyv = Opu = e”(zcosy — ysiny) + €° cosy,

v = ﬁe”(az cosy — ysiny) + e cos y|dy
Recall that

/ysinydy = —ycosy +siny + C

Hence,

v=e"(xsiny +ycosy —siny) + e“siny + C(z) =
e’(zsiny + ycosy) + C(x)



Furthermore
O0p0 = —0yu = —e”(—xsiny — siny — ycosy)
On the other hand

0,0 = O [e®(xsiny + ycosy) + C(x)] =
e”(zsiny + ycosy) + €* siny + C'(x)
Hence
e*(zsiny + ycosy) + e”siny + C'(z) = —e*(—xsiny — siny — ycosy)
C’'=0, C=c=0,

v=e"(xsiny + ycosy)



Now we do it vice versa

0pv = —0yu = —e”(—xsiny — siny — ycosy),

v = —/e‘”(—xsiny—siny—ycosy)dx =

(ze® —e®)siny + e“(siny + ycosy) + C(y) = e"(xsiny + ycosy) + C(y)

/xe””dx = ze® — "

Oyv = Opu = e"(z cosy — ysiny) + e* cosy

since

Furthermore,



On the other hand
Oyv = 9yle” (zsiny + ycosy) + C(y)] = e”(zcosy + cosy — ysiny) + C'(y)

Hence

e*(xcosy +cosy —ysiny) + C'(y) = e*(z cosy — ysiny) + €* cosy,
C'=0, C=c=0, v=¢€"(xsiny+ycosy)

Finally,

flx+iy) =u+iv=e"(zcosy — ysiny) + ie”(zsiny + ycosy

) =

e’[(xcosy — ysiny) + i(rsiny + ycosy)] =

e®lz(cosy + isiny) + iy(cosy + isiny)] =
z

z

g

ew[(x + iy)(cosy + ¢sin y)] = 6;8(.1' 4 Zy)ew] — (a: + iy)e”“y _



2 (7 marks)
(a) State the Cauchy theorem for simply connected domains.

Let C be a closed contour (without self intersections). Let f(z) be analytic in
the domain D bounded by C. Then

/C f(z)dz=0



(b) Using parametrization evaluate the following integral

/ (22 +izy)dz
c

where C'is the squire with vertices (1,0), (0,1), (—1,0), (0,—1) and
z = x + 1y as usual.

One has

/ (2% +izy)dz = / (22 + izy)dz —|—/ (22 +izy)dz+
C Cy

Cy

/ (22 + ixy)dz +/ (2% + izy)dz
C3 C44

where C; are the edges of the squire, C; : 1 — 4, Cy 14— —1,C3 : =1 — —i,
Cy:—i— 1,
Cr:z=14tli—1)=1—-t+it,0<t<l,x=1—t,y=t,dz = (—1+1)dt,
Co:z=i+t(-1—i)=—-t+i—it,0<t<l,z=—t,y=1—t,dz=(—1—1)dt,
Cy3:z=—-1+4t(—i+1)=t—-1-it,0<t<l,xa=t—1,y=—t,dz = (1—1i)dt,
Criz=—i+t(l4+i)=t+it—i,0<t<l,x=—t,y=—-t—1,dz=(1+1i)dt



1

/ (2% +izy)dz :/ (1 =t)2+i(1 —t)t) (=1 +d)dt =
Ch

0
(-1 + i)/o (1=t +i(1—t)t)dt = (-1 + i)[—%(l M r =

15 A oa 11 1 |
Z§t2 =0 — Z§t3 =0l = (~1 ‘H)[g tig - lg] =(-1 ‘H)[g +Zg]7

/ (2% + izy)dz :/ (=) —i(1 — t)t)(—1 —i)dt =
Ca 0

gy gy 1o,
(-1- i)[gtg = — i§t2\§;é + igtg =0l =

11 1 11
U E A SIS OIS R |
(-1 —i)lg —i5 +igl = (-1 —-d)l3 —igl,



Similarly

1

/Cz(fv2 +izy)dz :/ (t—1)%*—i(t — Dt)(1 —4)dt = (1 — i)[% + ’%]’

0

2, o ! 2 . . . 1 1
/04(96 +ixy)dz —/0 (=) +i(1+t)t)(1 +4)dt = (1 + z)[§ - 26],
So,
. PR S Al 1
/C(:L'2 +izy)dz = (—1+ z)[g + ZE] +(-1- z)[g — ZE]+
(14)%%%} +(1+i)[% —ié] _ 0

(c) Can one evaluate this integral via Cauchy Theorem? Give complete
explanation of your answer

One can not evaluate the integral via Cauchy Theorem. The reason is that the
function f(x + iy) = 2? + izy is not analytic. Indeed f = u + iv with u = 22
v =y, Ozu = 22, Oyv = & # Oyu.



3 (20 marks)
(a) (5 marks)State the Cauchy formula for analytic function and its
derivatives

Let C be a closed contour (without self intersections). Let f(z) be analytic in
the domain D bounded by C. Then for any z € D holds

LI
1) =5 [ 7224,

f(k)(z) — k_'/c (C&dc

2w — 2)k+1



(b) (15 marks) Evaluate the integral

/ dz
c 22(2%2 + 16)

where C = {|z| = 2}.

The singular points of the integrant are the roots of 22(22 + 16) = 0. These
roots are zp = 0, z1 = 44, 29 = —41. Only 2, is inside the contour. One can
write the integral in the form of Cauchy formula for the derivatives

dz B f(z) 270 (1
/022(z2+16)_/c(z—z0)k+1 =)

with k = 1, f(2) = 1/(2® 4 16). Thus

/ dz 9 2z | 0
= 27 =0 —
¢ 22(22 + 16) (22 +16)2 ~°



4 (20 marks)

(a) (5 marks) State the Cauchy theorem for doubly connected domains

Let C, C; be contours without self-intersections. Let D and D; be the
domains bounded by C' and C respectively. Assume D; C D. The
domain D’ = D ~ D, is called doubly connected. The Cauchy Theorem
for D’ says that if f(z) is analytic in D’ then

/ foydz= [ f(2)dz
C Cy

(b) (5 marks) State the Cauchy estimates for the derivatives of analytic
function

(c) (5 marks) State the Gauss mean value theorem
Let f(z) be analytic in a domain containing the disk |z — z9| < R. Then

k!

(k) <
9 <

2m
[ 1o+ Rear
0



For k = 0 the inequality

2
o) < = /O oo + Re™)\dt

- 27
is called the Gauss mean value theorem.
(d) (5 marks) State the maximum value principle

Let f(z) be analytic in the domain D. If f is non-constant then |f(z)| never
assumes maximal value inside the domain D.



