8 Applications of Contour Integration

The improper integral of f over R is defined as
R

[

The improper integral of f over [0, 00) is defined as

R
lim /0 f(z)dx.

R—o00

The principal value integral of f over R is

R
I%E};o . f(x)dz.
Example 8.1
/ ¢(x) sin(mx)dx
0
or -
/ ¢(z) cos(mx)dx
0
where ¢ is a rational function.
Example 8.2
e
x
0o (2241)%(22+4)
Integrate f(z) = m around a semicircular contour I'p where the

semicircle has centre O and radius R. The integrand has a simple pole at 21
and a double pole at 1.
Hence

/};f(a:)d:z: n /FR F(2)dz = 2mi (Res(f(2),4) + Res(f(2), 2i)).

Res(f(2), 1) = jz ((z + z'>21<z2 + 4>>¢
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and

Res(f(2), 2i) = M% — /36
Also i ]
| / | < RS
= O(R™)
Also | Jr, f(2)dz |< J5 | e 1)2 5 Rd0 = O(R™) and SR =2 [ s0 we
have 7 /18.
Example 8.3

/00 cos(x) i

S L |

Integrate f(z) = [°%, ﬁ around a semicircular contour I'g with center 0
and radius R in the upper half plane. By Cauchy,

W

/};f(a:)dx + . f(2)dz = 2miRes(f(2);w) = 2m.2w -
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which is of order R™' so it tends to 0 as R — oo. Taking the real part of the
above equation, we have

% cos(z) 27 _V3/2
O e = 25 cos(1/2)e V32,
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This means

Example 8.4 [°7 n@) gr Integrate f(z ) = % around a contour which is
a semicircle of mdzus R with a small semicircle around O removed. The
function f is holomorphic except for a simple pole at 0. Because of the small

semicircle, f is holomorphic inside the contour.
By Cauchy,

/_:f(x)dx—/ dz+/ dx-i—/



The limit of [r, f(2)dz ase — 0idsim. This means | [p f(z)dz |< 2 [T/? e~ Rsiné gy <

2 [T/2 e=2R0/7 40 which is of order R='. Hence letting R — oo and € — 0 we
get

—€ piT R piT R g
im= lim / e—dx+ e—dx: lim 2@/ Sm(w)da:.
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So the answer is /2.

8.1 Integrals involving functions with infinitely many
poles

This treats integrals of the form [°° ¢(x)edz,

Example 8.5 [% £ wen@ e The function f(z) =

z = mi(n + 5) for zntegers n. This function is holomorphic inside and on
a rectangular contour with vertices (—S,0), (R,0), (=S, 7), (R, ), except for
a simple pole at im/2, inside the contour, of residue —ie®™/?. By Cauchy’s
residue formula,

W has simple poles at

R 0T 4 T o P —S pami , J 0 a(—S+iy) p /2
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/4 cosh(z) x+/o cosh(R + iy) Al Roe (@ + im)da+ —r cosh(—S—i—iy)Z ye

Denote the second integral by I and the fourth by J. Then

@ 2ek ™ 2e
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sol =0 as R — oo, since a < 1. Likewise |J| < [ |€2_65 —=dy, so J — 0 as
S — o0, since a > 1.
Taking the limit as R, S — oo we get
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