MATC34 2013 Solutions to Assignment 5
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~(0;1) 224 4522+ 2
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! 0o 8cos?f+1

To compute

/ zdz
2(0:1) 224 + 522 + 2
This has poles when
2 45/22241=0
in other words when 22 = —2 or 22 = —1/2, or z = +/2i or z =
/27
We are only interested in the poles at iﬂ_li since only these are
inside v(0;1)

z 1
fz) = 224 452242 2(z — V2i)(z + V2i)(z — \/5712')(2 + \/571@')
So

Res f(z) = \/E_li
=V T (- 1/2 + 2)(V2i)
V2 i

Res__yp1:/(2) = = 2(—1/2 + 2)(—v/2i)

So

Zb:ResZ:bf(z) = mQ =1/3.
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So i 27 :@/

8 cos2 0+1 3

This shows [5" <% a1 = 27/3.
izdz
lim
RoooJrp (24 + 23 + 224+ 2+ 1)2
. T ezR(cos 0+isin ) ZRez@de
= lim

R—o0 Jo (R464i9+R3637j9+R262i9+R6i9+1)2

T fRsinH iRcos@Reine
= lim
R=0Jo RS (e4w+ Lesi0 g Leio g Loeit | 1)

R4
= lim /7r f(0)do
RS Jo g(@)

o a®)de o f(6)
i [ e < A gy

and fr(0) = ie 50 Rei® g0 |midfr(0) |<R since e #sn? < 1 while

SO

q (9):R8<€4i9+ 1 319+i 229+i 10+1)2

g R R? R3 R

hence |gr(0)] > R®(1—1/R—1/R* —1/R® — 1/R*) > R®/2 for large
R.

) , )
So | gﬁgeg < 2/R". So limpg_,u fFR gﬁgeng = 0.

. Suppose f is holomorphic in C except for double poles at 1 (resp. —1)
of residues a (resp. b) and |22f(z)| < K for large |z|.

For any contour I'(0; R) where R > |a|, R > |b| we have

/F o {2z = 2mi(a £ D)

But

[ f@dzl [ ()l
I(0;R) I'(0;R)
and |f(2)] < K/R? when |z| = R so

S Tz < K/ R R)
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So || f(2)dz| = 0 since R is arbitrary. So a + b = 0.
If | 22f(2) < K,

f(z) = Af(z=1)* = B/(z +1)* —a/(z = 1) = b/(z + 1)

is holomorphic on C if the Laurent coefficients of f at +1 are A and B
(in other words the Laurent series at 1is A/(z — 1)*> +a/(z — 1) and

the Laurent series at —1is B/(z + 1)> +b/(z + 1)). Thus

2f(2) — AZ* /(2 — 1> = B2*/(z +1)* —a2®/(z — 1) = b2* /(2 + 1)

is holomorphic everywhere Heence it is also bounded. So by Liouville

it is a constant C.

2f(2) = A2 /(2 =1+ B2*/(z+ 1) + a2’ /(2 = 1)* + b2*/(z + 1) + C

a = 1: Substitute z = 0 and conclude C = 0. Since a = 1 and

f(2) = f(=21) =0

B —4 (—4) —4
O_A(2¢—1)2 +B(2¢+1)2 M

4 p =y 4
(—20—1)2 " T(=2i4+1)2  —2-1 —2i—1

0=A4A

From equation 1,

(1)

(2)

—4A(—2i —1)? —4B(—2i + 1)? -1
2i— 12(—2i— 1) @i+ 1E(—2ir1)2 (

2i—1+2i+1>

—4A(2i+ 1) —4B(-2i+1)?  —2—1+2i—1
= + +4
25 25 441
4
From equation (2),

0— ;‘5 (—A(=3 — 4i) — B(—3 + 4) + 5(—2))



(obtained from equation (1) by taking complex conjugate of all complex
numbers except A and B)

So from (?7)
0= A(3—4i) + B(3+4i) — 10
0=AB+4i)+B(3—-4i)—10
Define w =3 +4i, 0 =3 — 4i |w|*> =25 50 0 = 254 + w?B — 10w
and
0 =254+ w’B — 10w
Subtracting, B(w? — @?) = 10(w — ©) so B = =% =5/3 From ?7?,

@)
Aw + B =10 so
10

A= ——7—F
w+w=>5/3

. To compute this we consider a semicircular contour I'y of radius R
and [ f(2)dz where f(z) = m First we show that if v is the

semicircular contour with radius R, yz(0) = Re? (0 <6 < )

Hence [p, f(2)dz — 0 as R — oo.

m iRe"dh
dz |=
[ sz = T+ R 1
R
D —
= R*P—R—1)

80 limp o0 Jr, f(2)dz = 0 Next we compute [ f(z)dz.
f(z)= m where w = ¢*™/3. So only the pole at w is contained
in YR

Writing f(z) = %

z2—w)?

h(2),

Here



h'<w>=—((w2_w)3=—m

SO
81 1
Res—uf(2) = =5 5 = 1i(v/3/2)°
SO A
2miRes,— f(2) = 3\7/%
so [ f(z)dz 35 Because limp,o [, f(2)dz = 0, we find that
f— f( ) L= 3[

. Prove [3° S’ (@) gy = /2.
(ct. Example 8.5)

29z _ .. .
Integrate f(z) := < around a semicircular contour (radius R, centre
0 with a smaller semicircle (radius €, centre 0) excised
(eiziefiz)Z

Because sin?(r) = S

212

So we compute [ f(2)dz where f(2) =
I'c + [e, R]. Then

|/ d |< / | 62@(Rcost+1Rsmt) 1 | Rdt
z

Yand 5 = [p+[—R, —¢]—

(where Tz(t) = Re",0 <t < )

/ﬂ- ’ eQchost —2Rsint -1 ’ Rdt

R2

<27/R so limp o0 J1,, f(2)dz = 0.

(621'6 cos(t) p—2€sin(t) 71)6i(€e2t iedt

5 Using

We examine [ f(z)dz: thisis [f

f has a simple pole as 0. The residue is computed as follows.

€

flz) =51 = ezézjt (holomorphic in z)

z
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so Res,—of(2z) = 2i = b. Hence by

€e—0 J~,
= i(2mi)
Hence lim._ fp_ f(2)dz = —27.

By Cauchy’s theorem, since the only pole of f is at z = 0 which is
outside the contour,

/F dz+/7€ dz—/éf(z)der—ir/eRf(z)dz:

so 2 [F f(z)dz = [p_ f(z)dz — Jr, f(2)dz since f is an even function

along the real axis.
Taking the limit as € — 0, 2 [ f(2)dz = lim_, Jr. f(z)dz = —2m.

29w __
So [5° 5 tde = —m.

SO (fosm e =7 /2.

) fo 1+$2 dr = 73/8. Put f(z) = % fhas poles at 4. Introduce a

semicircular contour (the same as in previous exercise QQQQQ) So

/E ) (infg dot [ f(z)d=t / .

1 H.Q - FEf(z)dz = 27iRes; f(2).

Now for z € R, 2,0, x = |z|e"™ so In(z) = In(|z|) + ir.
Let y = —x,y > 0 So

[P, _ [ nly) & imdy

-r 1422 1492
/ (In(y) + im)3dy
N 1442
log(Re™™)%i Re'?
d </ , do
R R e
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_/ +26’)R|d9

RQGQZQ +1
© In*(R) + 2i0In(R) — 62
< . do
- /0 | R2e%9 4+ 1 | B
(I*(R) + 27 In(R) + 72) R
<
- R?—1

— 0 as R — oo since In(R)/R — 0 as R — oo.
So limp o Jr,, f(2)dz = 0.

™ log(ee'?)2iec? df
/ f(z)dz:/o 8 ) .

€2¢210 +1
™ | In(e) + i |* edf
@< [
[ @z < [ RS
< (In(e)? + 27 In(e) + 7%) em
- 1—¢€

Now €(In(€))? — 0 as € — 0 by 1’'Hopital, and eIn(e) — 0 as € — 0 So
Jr. f(z)dz — 0 as € = 0. So taking limg_,» and lim._,o, we find

/oo (In(z)*dx N /00 (In(x) + in)* dz

1+ 22 1+ 22
= 2miRes; f(2).
Now f(z) = (le:f)((zz 5 has simple pole at i so
(logi)? 51 2
Res, f(2) = R
esif(2) = S = W g =

So

©log(z)? , > 1 o qeelog(a)dr o 4N
2/0 1+ 22 —T /[) 1+ 22 d$+2Z7T/O W = 2m (—7T /(82)) =

Taking real parts,

2/00 (log x)*xx ey /00 dx
0

1+ 22 o 1+ x?




= —m /4 + 72 tan"t(z) |°= —7* /4 + 722 = 73/4.

© (logx)*dz 4
/0 i T /8.

/0 1—}—:152 2/ 1+:L’2

Consider [, f(2)dz where vg is a closed semicircular contour with
centre 0 and radius R. and f(z) = (HZ%)Q f has poles at z = =i,

and the only pole inside the contour is +i. So for R > 1 [ f(2)dz =
2miRes,—; f(2)

So

2

z
f(z) = m
So for R>1 [ f(2)dz = 2miRes.— f(2).
_ 22 _ h(z)
I&) = =~ G-ip
where h(z) = ¢ +)2 Thus Res,—;f(z) = 1'(4)
2z 22 2 2(-1)
(z+0)2 (240 (202 (20
111
T 2r 4m 4n
S0

/WR f(z)dz =7/2.

d </7r Re® | RO
’/Z=Rei00<9<ﬂf(z) Zl_ 0 ’f( ¢ |

N / R262’9 +1)2 | Redf
<
/ - 2R2 “1yp
as R — oo Hence
lim f(z)dz=0

R—00 Jz=Re? ,0<0<m
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Hence

SO

/00 x2dx
—00 (1 + SL’Q

r

x2dx

=7/2

=7 /4.



