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1. [15 marks] At which points are the following functions singular?
You need not consider whether or not the point at infinity is a singular
point.

At which points do the functions take the value 0?

Identify the type of singularity (pole, removable singularity, essential
singularity). Also identify the order of each pole and the order of each
zero.

(a)
z

sin(z)
Answer: 0 is a removable singularity. nπ is a pole of order 1 for
n 6= 0 an integer.

(b)
sin(z)

z
This function has no zeroes.

Answer: 0 is a removable singularity.

nπ, n 6= 0 is a zero

(c)
1

ez − 1
Answer: This function has a pole of order 1 at any value z for
which ez = 1, in other words z = 2πin for integers n.

This function has no zeroes.
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2. [12 marks] Compute ∫
γ

1

sin(z)
dz

where

(a) γ is a circle of radius 4 and centre 0 oriented counterclockwise.

Solution: By the Cauchy residue theorem, this integral is
∑

p Res(f(x); p)
where the sum is over points p inside the circle where the residue
is nonzero.

In this case this means p = 0, π,−π.

So we need to compute the residue of 1/ sin(z) at these points.

At z = 0, sin(z) = z − z3/3! + . . . which leads to the residue of
1/ sin(z) at 0 being 1.

At z = π, we decompose sin(z) = − sin(z − π) = −(z − π) + (z −
π)3/3! + ... which leads to the residue of 1/ sin(z) at z = π being
−1. Similarly the residue of this function at z = −π is −1. This
means the integral is −2πi.

(b) γ is a circle of radius 4 and centre 5 oriented counterclockwise.

Answer: In this case all the points πi where this function has
nonzero radius are at a distance more than 4 away from the center
of the circle, so the integral is 0 by Cauchy’s residue theorem (or
Cauchy’s theorem).

—
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3. [13 marks] Compute the Laurent series of

1

(z + 1)

at z = 1 which converges for

(a) |z − 1| < 2.

Solution:

1

z + 1
=

1

(z − 1) + 2

=
1

2

1

1 + w

where w = (z − 1)/2. We expand 1
1+w

= 1 − w + w2 − . . . using
the binomial theorem. This converges for |w| < 1, or |z − 1| < 2.

(b) |z − 1| > 2

Solution:
1

z + 1
=

1

(z − 1) + 2
=

1

z − 1

1

1 + v

where v = 2/(z − 1). We now expand this using the binomial
theorem (as a power series in v. This converges for |v| < 1, in
other words for |z − 1| > 2.
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4. [15 marks] Is it possible for a holomorphic function f to take the
values 1 when z = 1

n
for n an even positive integer, and f(z) = 0 when

z = 1
n

for n an odd positive integer?

If you claim yes, give an example; if you claim no, give a proof.

Solution: By the identity theorem, any such function would have to
equal 1 everywhere (because the points 1/2k for k a positive integer
have a limit point). But by the same argument, this function must
equal 0 everywhere (because the points 1/(2k+ 1) for positive integers
k have a limit point.). Contradiction. So there can not exist any such
function.
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5. [15 marks] Use residue calculus to compute the following integral:∫ ∞
−∞

dx

(x2 + 1)(x2 + 4)

You must explain how this integral is related to a contour integral.
Compute any limits involved.

Solution: Let ΓR be the semicircle {Reiθ, 0 ≤ θ ≤ π} in the upper half
plane. Step 1: show that

|
∫

ΓR

f(z)dz| → 0

as R→∞. This integral is

|
∫ π

0

| RieiRθdθ

(R2e2iθ + 1)R2e2iθ + 4
|

≤ R

∫ π

0

dθ
1

(R2 − 1)(R2 − 4)
7→ 0

as R→∞.

Step 2: Compute
∫

ΓR
f(z)dz +

∫ R
−R f(z)dz where f(z) = 1

(z2+1)(z2+4)
.

Solution: By Cauchy’s residue theorem , this integral is the sum of
residues of f(z) inside the closed contour that is the union of ΓR and
the interval [−R,R]. The only points where the function has nonzero

residue are i and 2i. The residue of 1/(z2 + 1)(z2 + 4) at i is /1
2i)(3)

.

Likewise the residue of this function at 2i is 1
4i(−3)

. The result is 1
4i(3)

=

−i/12.
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6. [15 marks]

(a) Find a Möbius transformation

f(z) =
az + b

cz + d

for which
f(0) = 2

f(2) = i

f(1) =∞

Find the image of the real axis under this transformation.

(b) Let u(x, y) = x2 − y2. Show that u is harmonic, and find a real-
valued function v(x, y) for which u(x, y)+iv(x, y) is a holomorphic
function of x+ iy.

N/A
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7. [15 marks]

(a) (5 points) State Cauchy’s residue theorem.

Solution: See question 2.

(b) (10 points) Use Cauchy’s residue theorem to compute the integral∫
γ

f(z)dz around a semicircle of radius 1 with centre 1 in the upper

half plane, oriented counterclockwise, where f(z) is the following
function:

f(z) =
1

z2 + 1/4
.

Solution: This function has poles only at z = ±i/2 The point
i/2 satisfies |i/2 − 1| > 1, so it is outside the semicircle. So by
Cauchy’s residue theorem (or Cauchy’s theorem), the integral is
0.
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